We consider the ballistic expansion of a cloud of trapped atoms falling under the influence of gravity. Using a simple coordinate transformation, we derive an analytical expression for the time-of-flight signal. The properties of the signal can be used to infer the initial temperature of the cloud. We first assume a point size cloud with an isotropic velocity distribution to explain the physical basis of the calculation. The treatment is then generalized to include a finite-size cloud with an anisotropic velocity distribution, and an exact result for the signal is derived. The properties of the signal are discussed, and an intuitive picture is presented to explain how initial conditions determine the features of the signal.
I. INTRODUCTION
During the last 15 years, laser cooling and trapping of atoms has become an active area of research. It is now routinely possible to obtain samples of cold atoms with temperatures of ϳ100 K.
1,2 A measurement of the initial temperature of the cloud of atoms is crucial for characterizing the properties of atom traps. The temperature of the cloud can be inferred from the velocity distribution of atoms in the cloud. A well-known technique of measuring this velocity distribution is the time-of-flight ͑TOF͒ method. In this method, a probe laser, focused in the form of a sheet, is placed underneath the cloud ͑see Fig. 1͒ . When the trapping forces are turned off, the cold atom cloud expands ballistically and falls through the probe under the influence of gravity. It is then possible to detect the fluorescence from the atoms as they reach the sheet. The initial temperature can be inferred by measuring the fluorescence as a function of time. 3, 4 In this paper we present a detailed derivation of the TOF signal recorded by the detector, that is, the number of atoms arriving at the probe laser as a function of time. We model the laser placed underneath the atom cloud as a plane sheet. We assume that the cloud consists of noninteracting particles and that it has a Maxwell-Boltzmann velocity distribution. We therefore use the equations of ballistic motion for particles falling under the influence of gravity to find their distribution in time and position on the sheet. We then integrate over the spatial dimensions of the probe laser ͑sheet͒ to obtain the distribution in time. Previous calculations of the TOF signal have used sophisticated Green's function techniques to find the evolution of the density of the cloud. 4 Here, we show that the problem can be solved using a simple coordinate transformation, which makes the solution more transparent.
In Sec. II an intuitive description of the solution to the problem is given. For a simplified derivation of the TOF signal, we start in Sec. III with the following two assumptions. ͑a͒ We assume a point-sized cloud, that is, we do not consider the spatial extent of the cloud. This assumption is valid if the distance of the probe laser from the cloud is much larger than the size of the cloud. ͑b͒ The velocity distribution is isotropic. Subsequently, in Sec. IV, we consider a more realistic model that assumes the cloud has a finite size. In addition, the effect of an anisotropic velocity distribution is investigated in Sec. V.
II. INTUITIVE PICTURE
We first describe the solution to the problem based on simple physical considerations. The initial velocity distribution of the atoms in the cloud is a Gaussian ͑Maxwell-Boltzmann velocity distribution͒. It is characterized by the most probable speed v 0 ϭͱ2kT/m, where k is Boltzmann's constant, T is the initial temperature of the cloud, and m is the atomic mass. The width of the TOF signal should correspond to the difference in arrival times of two atoms, each having the most probable speed v 0 , one going directly upward, and the other directly downward. If the initial density of the cloud is a maximum at the center, then the centroid of the cloud will reach the probe at tϭͱ2l 0 /g. This time will correspond to a peak in the TOF signal. Here l 0 is the distance from the probe and gϭ9.81 m/s 2 is the earth's gravitational acceleration. Based on the essential features of the TOF signal discussed above, one can expect that its shape will be a Gaussian. We will now proceed to formulate a mathematical treatment of this problem and arrive at an exact solution.
III. CALCULATION FOR A POINT-SIZED ISOTROPIC CLOUD
We assume a Maxwell-Boltzmann isotropic probability distribution for the velocity, that is,
where v x , v y , v z are the speeds along the x, y, z directions in the cloud's coordinate system, respectively. We take the origin of the coordinates to be the initial location of the atom cloud. A second coordinate system is needed to specify the location of the atoms arriving at the sheet at a time t. For this coordinate system we will take the sheet to be the x -y plane with its origin at the point on the sheet just underneath the cloud's center. We need this coordinate system because it represents the measuring apparatus, that is, the probe laser. The problem is therefore reduced to transforming Eq. ͑1͒ from a function of (v x ,v y ,v z ) to a function of (x,y,t). We use Newton's equations for a ballistic motion of a particle accelerated by the earth's gravitational field to find the relationship between those two coordinates systems,
where l 0 is the distance from the center of the cloud to the sheet. If we express the velocity components as functions of (x,y,t), we find
We must also determine how the differential 
Substituting Eqs. ͑3͒ and ͑4͒ into Eq. ͑1͒, we find the probability density with respect to the (x,y,t) coordinate system,
Here, Aϭ(m/2kT) 3/2 and v 0 ϭͱ2kT/m is the most probable velocity.
However, we are interested in the signal recorded, that is, the probability density as a function of time only. We therefore integrate Eq. ͑5͒ over the spatial dimensions of the probe. For convenience, we assume the dimensions to be infinite. ͑To model an experiment, we must perform the integral over a finite region, which would require the integral to be evaluated numerically.͒ Thus,
Figure 2 is a plot of this function with Tϭ1.41ϫ10 Ϫ4 K ͑Doppler limit for cloud of 85 Rb atoms͒, l 0 ϭ0.3 m, and m ϭ1.40ϫ10
Ϫ25 kg ( 85 Rb atoms). A peak occurs at t ϭ0.247 s as one would expect physically, because the centroid of the cloud reaches the detector after tϭͱ2l 0 /g ϭ0.247 s.
As described earlier, the width of the signal should correspond to the difference in arrival times between an atom going directly up with speed v 0 and one that goes directly down with the same speed. Using Eq. ͑2a͒, this difference is equal to t ϩ Ϫt Ϫ ϭ2v 0 /g, where
Ϯv 0 ϩͱv 0 2 ϩ2l 0 g g . Table I shows different temperatures and the corresponding values of the 1/e width of the TOF signal calculated using Eq. ͑6͒. The width is then compared with 2v 0 /g. We note that the agreement between the two predictions is excellent. The agreement corresponds to our physical expectations as described in Sec. II and serves as a test of Eq. ͑6͒. One should note that the difference between the two predictions increases as the temperature ͑defined by v 0 ͒ increases. This difference is due to the fact that the shape of the TOF signal deviates from a Gaussian as discussed at the end of Sec. IV. We now refine the model by taking into account the spatial extent of the cloud, which we will assume to have a Gaussian shape. The probability density, given by Eq. ͑1͒, will now be a function of r and v, and is given by
N͑r,v͒d
3 rd
where A and v 0 were defined previously, and r 0 is the most probable radial distance. We take the origin of our coordinates (r x ,r y ,r z ) to be the center of the cloud. Following the same route as in Sec. III, we transform this probability density into a function of (r,x,y,t) using the equations of motion in ͑2͒. These equations are modified to include the fact that the initial position of the particle is at r, that is, some distance from the center of cloud. Therefore,
yϭr y ϩv y t. ͑8c͒
Using Eq. ͑8͒, we express (v x ,v y ,v z ) as functions of (x,y,t;r). Evaluating the Jacobian we find,
͑9͒
If we substitute J into the probability density ͑7͒, we obtain
N͑r,x,y,t ͒d 3 r dx dy dtϭA 1
where the argument of the exponential function is given by
We now integrate Eq. ͑10͒ over all space to obtain an expression for the probability density as a function of (x,y,t), that is,
Again, the signal of interest is obtained by integrating Eq. ͑11͒ over the spatial dimensions of the probe laser. We therefore obtain
ͪ.
͑12͒
Equation ͑12͒ reduces to Eq. ͑6͒ when r 0 →0, as it should for the case of a point size cloud. Figure 3 is a plot of Eq. ͑12͒ with the same parameters as in Fig. 2 . We assume r 0 ϭ0.001 m ͑typical cloud size͒ and as expected, we obtain the same graph as in Fig. 2 because r 0 Ӷl 0 . However, as r 0 becomes comparable to l 0 , the signal becomes broader and asymmetric as shown in Fig. 4 , where we have assumed r 0 ϭ0.15 m. The broadening occurs because we now have many more atoms starting close to the probe. Hence, it takes them less time to reach it. We also have many more atoms that are further away from the probe. Therefore, they will require more time to arrive at it.
We note that the arrival times of two oppositely directed atoms along the vertical, given by t Ϯ ϭ Ϯv 0 ϩͱv 0 2 ϩ2l 0 gϩ2r 0 g g , are asymmetric with respect to the peak of the signal ͑which occurs at tϭͱ2l 0 /g͒. This asymmetry causes the TOF signal shape to deviate from a Gaussian. When the cloud size is small (r 0 Ӷl 0 ) and its temperature, that is, the characteristic speed, is low (v 0 2 Ӷ2gl 0 ), the arrival times can be written as 
͑14͒
We note that the width of the curve depends only on v 3 , r 0 , and l 0 . It is only the vertical speed ͑along the z direction͒ that determines the width of the signal. As was explained previously, the width corresponds to the difference in arrival time between two atoms, one going up, and the other going down, both with speed v 3 . This difference is 2v 3 /g.
VI. CONCLUSIONS
Using a simple coordinate transformation, we were able to derive an expression for the TOF signal recorded by a detector placed some distance below the trapped cloud. This coordinate transformation is based on the ballistic equations of motion for a particle falling in the earth's gravitational field. The probe laser was modeled as an infinite plane sheet. The cloud has a Gaussian spatial profile and a MaxwellBoltzmann velocity distribution. By fitting an experimental result to the predicted signal, one can determine the initial temperature of the cloud.
We note that our calculations are carried out by assuming that the probe laser is an infinite sheet of negligible thickness. Our results would be in perfect agreement with Ref. 4 ͑where the TOF signal was derived using Green's function techniques͒, if the integral in Eq. ͑12͒ is evaluated by taking into account the spatial profile of the probe. The discrepancy arises because Ref. 4 assumes an elliptical cross section for the probe beam. As mentioned previously, in order to model an experiment, one has to integrate Eq. ͑12͒ over the finite extent of the probe. Finally, we note that the calculation can model a probe laser placed at any location in space, including the region of the trap. Thus the calculation can predict the time it takes atoms to leave the trapping volume.
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